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ABSTRACT
Complex Semi-Definite Programming (SDP) is introduced as a novel approach to phase retrieval enabled control of monochro-
matic light transmission through highly scattering media. In a simple optical setup, a spatial light modulator is used to generate
a random sequence of phase-modulated wavefronts, and the resulting intensity speckle patterns in the transmitted light are
acquired on a camera. The SDP algorithm allows computation of the complex transmission matrix of the system from this
sequence of intensity-only measurements, without need for a reference beam. Once the transmission matrix is determined,
optimal wavefronts are computed that focus the incident beam to any position or sequence of positions on the far side of
the scattering medium, without the need for any subsequent measurements or wavefront shaping iterations. The number
of measurements required and the degree of enhancement of the intensity at focus is determined by the number of pixels
controlled by the spatial light modulator.
1 Introduction
The ability to focus light through highly scattering translucent or ‘opaque’ random media has been a long-standing challenge.
Strong scattering impedes information transfer through random media and is a limiting factor in many optical imaging and
characterization systems. The last decade however has witnessed a tremendous advance in techniques for focusing fields that
pass through complex media through shaping of incident wavefronts. We refer the reader to Rotter and Gigan1 which provides
an excellent and timely review of the topic.
Vellekoop and colleagues2 were the first to show that by shaping incident wavefronts with a spatial light modulator (SLM)
one can compensate for scattering phenomena to produce light focused onto a point inside or beyond the scattering medium3–5.
Their technique and variants thereof have been used to focus light through white paint layers, eggshells, clouds, dense fogs6,
and biological tissue7. The ability to focus light at a desired location within or beyond highly scattering media has potential
applications ranging from biomedical engineering and microscopy to endoscopy8 (and references therein), optical trapping9,
super resolution imaging10, 11, and nano-positioning12.
Their enormous potential notwithstanding, widespread use of the above and related schemes in real-world applications
has somewhat lagged expectations. Needless to say, adoption of any wavefront shaping method to focus light through highly
scattering media hinges on the practicality of the scheme for determining the optimal wavefront. Methods developed to date by
and large belong to one of two categories.
(i) Iterative methods that use measurements of transmitted field magnitudes (square roots of field intensities). The majority of
wavefront shaping methods developed to date use measurements of transmitted field magnitudes to progressively improve field
focus by sequentially changing the phase retardation imposed on each pixel of the input beam using an SLM. These methods
maximize intensity of the output field at a defined location by changing one SLM pixel at a time13. While very powerful, these
methods tend to be slow and prone to convergence to a local optimum. They also must be repeated every time a new target
output intensity profile is specified. Oftentimes, speckle correlations can be exploited to refocus fields onto a neighboring pixel
with only minor degradation in intensity, without restarting the algorithm. Recent advances have increased the depth of the
medium to where the “memory effect” (i.e, correlations in the fields) can be reliably exploited14. In the deep medium regime,
where the fields are decorrelated and the memory effect no longer holds, refocusing still requires the procedure to be repeated
every time a new target output profile is specified.
(ii) Non-iterative methods that use measurements of transmitted field magnitudes and phases. Knowledge of the transmission
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matrix (TM) of the medium allows for the optimal wavefront to be computed non-iteratively for any desired output. If the
desired output is a focal spot, then only a portion (e.g. a row or set of rows) or the TM are required. The first measurement of
an optical TM was undertaken by Popoff et al.15. Using a common-path interferometer equipped with an SLM, the TM of an
opaque layer of ZnO nanoparticles was measured and then used to generate optical foci in the output plane. This method was
also used to demonstrate image transmission through the opaque layer16. Most approaches developed to date to measure TMs
rely on holographic methods. Needless to say, methods for determining TMs that do not require a reference beam would be
tremendously useful in this context. A first step in this direction recently was taken by Dre´meau et al17 , who used a phase
retrieval algorithm to measure the complex TM of a highly scattering medium using a digital micro-mirror.
This work introduces a new waveform-shaping technique for producing focused fields that uses semidefinite programming
(SDP) to construct portions of the medium’s TM from intensity measurements only; once the relevant parts of the TM are
calculated the method proceeds like any of the above non-iterative schemes. The SDP approach leverages a rigorous yet
flexible computational framework that utilizes the algorithm developed by Waldspurger et al18 to retrieve the phase of elements
of the TM after recording intensities in the desired focal spot produced by several randomly structured illuminations of the
scattering medium. We note that SDP has been successfully applied to many problems in other fields, ranging from X-ray and
crystallography imaging and diffraction imaging to Fourier optics and microscopy19. We believe this work to be the first to
apply this powerful algorithm to problems related to optical phase retrieval enabled wavefront control. We demonstrate that
SDP allows the construction of the incident wavefronts that generate intense foci anywhere beyond the medium from a single
set of measurements of intensities generated by random illuminations.
2 Algorithm
2.1 Preliminaries
The setup under consideration is shown in Fig. 1. A highly scattering, random medium is sandwiched in between input and
output apertures A and B. In what follows, we assume both apertures are rectangular and comprised of M = K×L pixels.
Light in the input aperture impinging on the random medium therefore is characterized by M complex-valued electric field
samples a(k,l) with 1≤ k ≤ K,1≤ l ≤ L . Depending on the experimental setup used, we can control both the amplitude and
phase of a(k,l), or as in more common, only its phase. Likewise, light in the output aperture exiting the random medium is
characterized by M complex-valued electric field samples b(k,l) with 1≤ k ≤ K,1≤ l ≤ L . Our experimental setup only allows
for measurements of the magnitude of each b(k,l). Note: for expositional simplicity we assume that the number of pixels in the
input and output apertures are equal. In an experimental setup, they often are different with the number of pixels in B exceeding
those in A . The arguments below however are easily generalized to this setting. Likewise, we characterize electric fields in A
and B by scalars. Again, the arguments below are easily modified to account for the vector nature of the fields. Alternatively,
polarizers can be added to the input and output apertures to effectively scalarize the field. To simplify the notation, we replace
all double indices (k, l) by a single index m= (k−1)K+ l and immediately “flatten” all inherently multidimensional tensors
introduced below accordingly.
The fields in A and B are related by the TM of the random medium. Define the M×1 vectors
a=
[· · · am · · ·]T ,
and
b=
[· · · bm · · ·]T .
The random medium’s M×M TM T relates a and b as
b= T ·a. (1)
For future reference, we denote
T =

...
· · · Tm′m · · ·
...
=

...
z†m
...
 , (2)
where “m” denotes the row index of T while m′ denotes the column index of T ; . With this notation, the M×1 vectors
zm =

...
[Tm
′
m ]
∗
...
 , (3)
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Figure 1. Algorithm conceptual setup: the scattering medium is sandwiched between two rectangular apertures (A and B) .
The corresponding optical setup is shown in Fig. 2.
contain the complex conjugates of the elements of row m of the transmission matrix T . Note: use of the terminology
“transmission matrix” implies that the vectors a and b resolve all (propagating) modes in A and B . In practice, we often violate
this condition, especially in A . Undersampling of fields in A however does not invalidate the method described below.
The objective is to sculpt the incident field so that it produces a maximally focused spot at a predefined location in the
output plane subject to an energy constraint. Mathematically, our goal is to determine the incident field vector a that maximizes
|bm| for a predefined m subject to ||a||22 = 1 . We will consider two cases: (i) full amplitude and phase control of all am and (ii)
phase-only control of am, i.e., |am|2 = 1/M for all m. It follows from (1) that bm = z†m ·a. Hence, the above objectives would be
easily realized if z†m , i.e. the m th row of the transmission matrix T , was known . Unfortunately z
†
m is not known. Below, we
first describe a procedure for determining z†m from measurements of magnitudes of transmitted fields at pixel m (Section 2.2).
Expressions for the optimal a follow easily (Section 2.3).
2.2 Phase retrieval algorithm
To determine zm , we illuminate the random medium with N randomly selected or “trial” fields a
(t), t = 1, . . . ,N , of uniform
magnitude across the input aperture, i.e., |a(t)m |2 = 1/M for all m. We record the magnitude of the field at pixel m for all
excitations
c(t)m = |b(t)m |= |z†m ·a(t)|, (4)
and write
b(t)m = c
(t)
m · [u(t)m ]∗ (5)
where u(t)m = exp(−i arg[b(t)m ]) contains all of b(t)m ’s phase information. Next, define the N×1 vectors
bm =
[
· · · b(t)m · · ·
]T
(6a)
um =
[
· · · u(t)m · · ·
]T
, (6b)
cm =
[
· · · c(t)m · · ·
]T
, (6c)
and the N×M matrix
A=

...
(a(t))†
...
 . (7)
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Note that we have abused notation in thus defining bm – we do so to keep our notation light. It follows from Eq. (1) that
bm = [A · zm]∗. (8)
Or equivalently, that
diag(cm) ·um = A · zm. (9)
We therefore proceed to determine zm and um by solving the following optimization problem:
minimize ||A · zm−diag(cm) ·um||22,
subject to um ∈ CN , |u(i)m |= 1, zm ∈ CM.
(10)
We solved the above problem using the PhaseCut algorithm described in18, restated below for expositional purposes in
terms of the above notation. We start out to note that if um were known, then the vector zm that minimizes Eq. (10) can be
explicitly computed and is given by
zm = A
† ·diag(cm) ·um, (11)
where A† is the Moore-Penrose pseudoinverse of A. Thus, following PhaseCut18, our strategy is to solve Eq. (10) for um and
then determine zm via Eq. (11). To that end, we note that plugging in zm in Eq. (11) into the objective function on the right
hand side of Eq. (10) yields
||A · zm−diag(cm) ·um||22
= ||A ·A† ·diag(cm)um−diag(cm) ·um||22
= ||(A ·A†− I) ·diag(cm)um||22
= u†mdiag(cm) · (A ·A†− I) · (A ·A†− I)† ·diag(cm)um
= u†mdiag(cm) · (I−A ·A†) ·diag(cm)um
= u†mdiag(cm) ·P ·diag(cm)um,
= u†mQmum
where we have utilized the fact that (A ·A†− I)H · (A ·A†− I)† = (I−A ·A†), the N×N matrix P is defined as
P= I−A ·A†,
and the N×N matrix Qm is defined as
Qm = diag(cm) ·P ·diag(cm).
Consequently, for zm given by Eq. (11), the optimization problem involving zm and um in Eq. (10) can be expressed as an
optimization problem involving only um given as:
minimize u†mQmum = Tr(Qmumu
†
m),
subject to |u(i)m |= 1 for i= 1, . . . ,N
(12)
where Tr stands for Trace. Since Qm is a positive semidefinite Hermitian matrix, the optimization problem in Eq. (12) is
equivalent to the optimization problem
minimize Tr(QmUm)
subject to Um =U
†
m, diag(Um) = 1,Um  0,
rank(Um) = 1.
(13)
In Eq. (13), Um  0 denotes the positive semidefinite constraint on Um. The diag(Um) = 1 constraint arises from the fact
that Um = umu
†
m and |u(i)m | = 1 implies that the diagonal elements of Um will necessarily equal one. Eq. (12) and Eq. (13)
constitute different formulations of equivalent optimization problems that are still difficult to solve because of the non-convex
rank constraint in Eq. (13). Dropping the non-convex rank constraint in Eq. (13) yields the complex semidefinite program
Um = argminTr(QmUm)
subject to Um =U
†
m, diag(Um) = 1,Um  0.
(14)
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Eq. (14) is a convex optimization problem and can be solved efficiently using numerical solvers. We solve Eq. (14) using
the cvx package25. If the N×N matrix Um thus obtained via Eq. (14), has rank 1 then we have exactly solved the original
optimization problem in Eq. (12) because it is equivalent to Eq. (13). We can compute the N× 1 vector uopt from Um by
computing the eigen-decomposition of Um and setting
um = v1(Um), (15)
where v1(Um) is the eigenvector of Um associated with its largest eigenvalue. We apply the same procedure as well when Um is
not rank 1. The theoretical guaranties accompanying PhaseCut18 establish that when N > O(M logM), then this procedure will
perfectly recover um with extremely high probability in the noise-free setting when the columns of the matrix A are drawn at
random as we have. We then obtain the desired M×1 vector zm from um via Eq. (11).
Having estimated zm, from N > O(M logM) measurements, we now describe how to form a maximally focused spot at
pixel m.
2.3 Focusing wavefront
We next determine the incident field vector a that maximizes |bm|= |z†ma| for a predefined pair m subject to the energy constraint
||a||22 = 1 . We first consider the case where we have full amplitude and phase control of all am. This optimization problem can
be expressed mathematically as:
aopt = arg max||a||2=1
|z†ma|. (16)
Eq. (16) has a closed-form solution that is given by
aopt =
zm
||zm||2
. (17)
We now consider the case where we have phase-only control of am, i.e., |am|2 = 1/M. This leads to the optimization problem:
aopt = arg max|am|2=1/M,
|z†ma|. (18)
Eq. (18) has a closed-form solution that is given by
aopt =
1√
M
exp(iarg[zm]), (19)
where
exp(iarg[zm]) =

exp
(
iarg[z(1)m ]
)
. . .
exp
(
iarg[z(M)m] ]
)
 .
3 Experimental Results
Fig. 2 shows the experimental setup. The light source is a single longitudinal mode CrystalLaser diode laser with wavelength
λ ≈ 633 nm and output power 50 mW . The beam is expanded to a diameter of 20 mm by a beam collimator. A set of polarization
optics is used to select the suitable polarization state of the incident beam to achieve phase only modulation. The SLM is the a
phase only Holoeye PLUTO. It is a LCOS (Liquid Crystal on Silicon) micro-display with full HD resolution (1920 x 1080
pixel) and 8 µm pixel pitch. The surface of the SLM is 4 f imaged and focused on the scattering sample by a lens with a 50 mm
focal length. The Fourier plane of the backside of the sample is imaged onto a CMOS camera. The detector is a PhotonFocus
camera series MV1-D2048 with 2048 X 2048 resolution and pixel size 8 µm.
The samples used for this experiment are ground or frosted glass and yogurt. The glass diffuser is 2mm thick and 120 grit. The
yogurt sample is prepared using plain white yogurt spread in between two thin microscope slide that are pressed together to
form a thin white translucent sample similar to white paint on glass. The yogurt sample thickness is L∼ 150µm. The transport
mean free path length (l∗s ) of this sample at λ ≈ 633 is extracted from the angular width at half maximum of its coherent
backscattering peak: l∗s = 120µm.
The SLM display is subdivided into M equally sized squares that are dubbed superpixels. For each incident wavefront the
superpixels’ phases are randomly set between [0,2pi]. The corresponding transmitted intensities are measured. Fig. 3 displays
N+1 transmitted field intensity measurements where M = 100 and N = dM logMe ∝ 461. Here, ground glass is used as the
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Figure 2. A 633 nm CW laser is expanded then spatially filtered through a lens and a 100 µm pinhole (not shown). The
polarization optics is placed before the SLM. The homogeneous beam is then reflected by the SLM that is 4 f imaged onto the
sample. The resulting speckle pattern from the scattering sample is collected by a lens and imaged on the CMOS camera.
Figure 3. (a) groundglass sample. (b) A plot of the intensity |b(k,l)| for (k, l) = (940,540) for dM logMe ∝ 461 random trial
fields (here M = 100) followed by the intensity using the optimal wavefront aopt as in Eq. (19).
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scattering sample shown in Fig. 3. The 461 field intensities are measured at pixel (k, l)) = (940,540) (note: in this experiment
we used a different number of pixels in A and B as alluded to in Section 2.1; in what follows, M refers to the number of pixels
in A and the number of pixels in B is constant and much larger). The algorithm generates the incident field aopt that produces
the maximum field intensity at the desired focus using Eq. (19). The 462-th intensity measurement displayed corresponds to
that produced by the optimal wavefront aopt.
In what follows, we define the enhancement factor ηm as5:
ηm =
|boptm |2
|bm|2
(20)
where boptm is the intensity at (m) when aopt and bm is the average intensity at m over the N training realizations. In Fig. 4(a), we
show bm for values of m centered around (940,540). Fig. 4(b) displays the enhanced intensity at pixel (940,540); this yields
an enhancement factor of ηm = 48 which in par the results of the ratio of the intensity at focus to the mean intensity of the
speckle outside generated in15.
Figure 4. (a) Zoomed-in image of the measured average speckle pattern. (b) High intensity focus at (940,540) obtained using
the optimal wavefront.
The SDP algorithm is stable and fast enough to be relevant for samples that are quasi-static such as a fresh yogurt sample.
This sample has a speckle persistence time in the minutes. This is a compromise between the ground glass sample speckle
pattern which is static for hours, and a live biological tissue which has speckle persistence time in the order of milliseconds.
The measurements in Fig. 5 and Fig. 6 show that for a plain yogurt sample the intensity enhancement at the desired point
increases as the number of superpixels increases. Choi et al26 showed that once the TM is generated, the medium can be used
as an unconventional lens to achieve imaging beyond the diffraction limit of the optical system. To this end, we show in Fig. 5
that the generated focus can be confined to within a single detector pixel.
The SDP algorithm also allows for the generation of as many foci as desired. This is accomplished with the same initial set of
N =M logM random excitations used to generate a single focus. The number of rows of the TM required now exceeds one
and equals the number of foci. Fig. 7 shows a set of foci generated beyond the scattering medium that traces out MICHIGAN
comprised of 157 foci. This method becomes a relevant alternative in the deep medium regime where fields de-correlation
occur and the memory effect may no longer hold. Clearly, SDP-based wavefront shaping has the potential to be used in tandem
with fast light modulators to perform fast measurements in dynamic media.
Conclusions
We demonstrate a new method for controlling light transmission through highly scattering random media by shaping wavefronts
that optimally focus the incident beam to any position, or sequence of positions, on the far side of a scattering medium.
The optimal wavefront for a particular focus position is determined in closed-form from knowledge of the complex-valued
transmission matrix, which we determine using a sequence of intensity-only measurements, without the need for a reference
beam, using a semidefinite programming based phase retrieval method. Once the transmission matrix is thus determined, we
demonstrate that increasing the number of modes increases the intensity of the focus and that we can steer the focus.
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Figure 5. The intensity at pixels surrounding (940,540) after a focus is generated at (940,540) using the SDP algorithm
when b) M = 36, c) M = 64 and d) M = 100, respectively.
Figure 6. The enhancement factor as a function of M for the setup described in Fig. 5.
References
1. Stefan Rotter and Sylvain Gigan, “Light fields in complex media: Mesoscopic scattering meets wave control”, Rev. of
Mod. Phy., Vol 89, Jan–Mar 2017.
2. I. M. Vellekoop and A. P. Mosk, “Focusing coherent light through opaque strongly scattering media”, Opt. Lett. 32,
2309-2311 (2007)
3. I. M. Vellekoop, “Controlling the progagation of light in disordered scattering media”, PhD thesis, University of Twente,
Enschede, The Netherlands.
4. A.P. Mosk, A. Lagendijk, G. Lerosey, M. Fink, “Controlling waves in space and time for imaging and focusing in complex
media”, Nat. photonics 6 (2012) 283–292.
5. I. M. Vellekoop, “Feedback-based wavefront shaping” Opt. Exp., Vol. 23, No. 9, (2015).
6. O. Katz, E. Small & Y. Silberberg, “Looking around corners and through thin turbid layers in real time with scattered
incoherent light”, Nat. Photonics 6, 549 – 553 (2012).
7. H. Yu, et al, “In vivo deep tissue imaging using wavefront shaping optical coherence tomography”. J. Biomed. Opt.
0001;21(10):101406. doi:10.1117/1.JBO.21.10.101406 (2016).
8/10
Figure 7. With M = 100 and a ground glass as a scattering medium, we compute the optimal focusing wavefront for values of
(k, l) that spell out “MICHIGAN”. Here we plot the maximum intensity of transmitted fields for all (k, l). See
https://vimeo.com/194525444 for an etch-a-sketch type video of the process.
8. H. Yu, et al “Recent advances in wavefront shaping techniques for biomedical applications”, Current Applied Physics 15
(2015) 632 – 641
9. T. Cˇizˇma´r, M. Mazilu, and K. Dholakia, “In situ wavefront correction and its application to micromanipulation”, Nat.
Photonics 4(6), 388 – 394 (2010).
10. E. G. van Putten, et al, “Scattering lens resolves sub-100 nm structures with visible light”, Phys. Rev. Lett. 106(19), 193905
(2011).
11. C. Park, et al, “Full-field subwavelength imaging using a scattering superlens”, Phys. Rev. Lett. 113(11), 113901 (2014).
12. E. G. van Putten, A. Lagendijk, and A. P. Mosk, “Non-imaging speckle interferometry for high-speed nanometer scale
position detection”, Opt. Lett. 37(6), 1070 – 1072 (2012).
13. I. Vellekoop, A. Mosk, “Phase control algorithms for focusing light through turbid media”, Opt. Commun. 281 (2008)
3071 – 3080.
14. S. Schott, et al, “Characterization of the angular memory effect of scattered light in biological tissues”, Opt. Exp. Vol. 23,
No. 10 (2015).
15. S. Popoff, et al, “Measuring the transmission matrix in optics: an approach to the study and control of light propagation in
disordered media, Phys. Rev. Lett. 104 (2010) 100601.
16. S. Popoff, G. Lerosey, M. Fink, A.C. Boccara, S. Gigan, “Image transmission through an opaque material”, Nat. Commun.
1 (2010) 81.
17. A. Dre´mau, et al, “Reference-less measurement of the transmission matrix of a highly scattering material using a DMD
and phase retrieval techniques”, Optics Express, Optical Society of America, 2015, 29 (9), pp. 11898-11911.
18. I. Waldspurger, A. d’Aspremont, S. Mallat, “Phase Recovery, MaxCut and semidefinite programming”, Math. Program.,
Ser. A (2015) 149 : 47 – 81.
19. F. Fogel, I. Waldspurger, A. d’Aspremont, “Phase Retrieval for Imaging Problems”, Mathematical Programming Computa-
tion September 2016, Volume 8, Issue 3, pp 311 – 335.
20. L. Vandenberghe and S. Boyd “Semidefinite Programming”, SIAM Review, Vol. 38, No. 1, pp. 49–95, March 1996.
21. J.R. Fienup, “ Phase retrieval algorithms: a comparison”, Appl. Opt. 21(15), 2758 – 2769 (1982).
22. R. Gerchberg,W. Saxton, “A practical algorithm for the determination of phase from image and diffraction plane pictures”,
Optik 35, 237 – 246 (1972).
23. A. Chai, M. Moscoso and G. Papanicolaou, “Array imaging using intensity-only measurements”, Inverse Probl. 27, 015005
(2011)
9/10
24. E.J. Candes, T. Strohmer, V. Voroninski, “Phaselift: exact and stable signal recovery from magnitude measurements via
convex programming”, Commun. Pure Appl. Math. 66(8), 1241–1274 (2013)
25. M. Grant and S. Boyd 2010 CVX: Matlab software for disciplined convex programming, version 1.21
http://cvxr.com/cvx
26. Y. Choi, et al, “Overcoming the Diffraction Limit Using Multiple Light Scattering in a Highly Disordered Medium”, Phys.
Rev. Lett. 107, 023902 (2011).
27. I. M. Vellekoop, A. Lagendijk, and A. P. Mosk, “Exploiting disorder for perfect focusing”, Nature Photonics 4, 320 – 322
(2010)
Acknowledgements
The authors would like to thank Professor Meng Cui for his generosity with time, instruments, and specially for the many
informative discussions. This work was supported by a DARPA Young Faculty Award D14AP00086. The authors also thank
the creators and the maintainers of the website http://wavefrontshaping.net/ – the many tips and suggestions and
software posted there allowed for this project to come together sooner than it would have otherwise.
Author contributions statement
Study conceived and designed: M.N. and R.R.N., Performed the experiments: M.N., Sample preparation and chracterization:
M.N and N. M. E., Algorithm developed by: R.R.N and E.M. Code generated: R.R.N, E.M, M.L. and M.N., Analyzed the data:
M.N., T.B.N., and M.L. Wrote the manuscript: M.N., T.B.N., M.L, E.M., R.R.N. The photograph of the samples: glass diffuser
insert Fig 3 and the yogurt Fig 5 were taken by MN. All authors contributed in revision.
Additional information
Supplementary information accompanies this paper See https://vimeo.com/194525444
Competing financial interests: The authors declare no competing financial interests.
10/10
